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Table 1 Maximum error of the approximations

Equation
(2)
(13)
(15a)
(15a)
(15b)

Zl
2.0

10.0
12.61
10.0

Z2

11,013
150,000
2 X 6 8

Maximum error
0.313
0.236
0.00045
0.000042
0.00045

Peclet number
2.0
12.9
10.0
12.61
10.0

Approximations for Weak and Strong
Oblique Shock Wave Angles

Anthony M. Agnone*
Hofstra University, Hempstead, New York 11550

the finite approximations based on Eqs. (15a) and (15b) performed
best. In terms of speed it was found that no significant change re-
sulted from employing a 150,000 element array as indicated in
Table 1. In the context of the times shown in Fig. 1, the overhead
to generate such an array was less than 3s.

V. Conclusion
The derivation of the exponential-free modified hybrid approxi-

mation was motivated by the need to deal as efficiently as possible
with the weighting functions arising in the physically based inter-
polation scheme considered. The alternative approximations, how-
ever, clearly appear to represent the most efficient option exam-
ined and, in general, can be very effective whenever a parametric
dependence on a few variables arises in lengthy calculations. Their
accuracies are fully adjustable at the cost of memory allocated
rather than computational speed.
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Introduction

IN fluid mechanics computations, such as in the study of shock-
boundary layer interactions, the oblique shock wave angle is

needed as an explicit function of the upstream Mach number M
and the flow turning angle 8. In Ref. 1, approximate shock-flow
angle relations are developed from series expansions of the exact
equation [Eq. (1) of Ref. 1]. The resulting expressions [Eqs. (13)
and (14) of Ref. 1] are limited to weak oblique shocks and small
wedge angles. In Ref. 2, it is commented that those approximate
relations do not asymptote correctly in the limit of the infinite
Mach number. Here, a simple exact explicit relation is obtained for
the case of an infinite Mach number that is valid for both weak and
strong shocks. Approximate relations for both weak and strong
shocks are also derived for finite Mach numbers and moderate
wedge angles.

Derivation of Equations
Equation 1 of Ref. 1, [or Eq. (148) of Ref. 3] can be recast into a

cubic equation for the square of the sine of the shock wave angle 6
as follows [see Eq. (150a) of Ref. 3]:

sin6 6 + b sin4 6 + c sin2 9 + d = 0 (la)

where

fr = -(M2+2)/M2-ysin28

c = (2M2+ 1)/M4+ [(1/4) (Y + I)2 + (y-lVM2] sin2 5 (Ic)

d = -cos2S/M4 (Id)

and y is the ratio of specific heats. Exact explicit equations for the
three real roots of this cubic equation can be found in Ref. 4; how-
ever they are not easily approximated. Here simple relations are
derived by noting that in the limit of infinite Mach number, the co-
efficient d vanishes and b and c simplify to

and

Z/ = -l-Ysin2S

c' = [(Y+l)2/4]sin28

(2a)

(2b)

Then Eq. (la) is reduced to a quadratic and its two roots can be ob-
tained from

sin2 9^ = (1/2) [-b' ±(b'2- 4c')1/2] for M^ (3)

The positive and negative signs correspond to the strong and
weak shock, respectively. This equation is represented graphically
in Fig. 1 for Y = 1.4 and is compared with 0 ~ (Y + 1) 8/2, [Eq. (3a)
of Ref. 5]. As shown in Fig. 1, the latter is accurate for 8 < 25 deg.
The disappearance of the third but physically inadmissible root is
evident from the shock polar in that the limit circle (for M = °°) co-
incides with the approach flow circle.

Approximate but accurate relations for finite Mach numbers are
obtained by noting that d is small since it depends inversely on the
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Fig. 1 Comparison of exact and approximate solutions for several
Mach numbers.
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Fig. 3 Comparison of exact and approximate solutions for 8 = 15 deg.

fourth power of the Mach number. Then the cubic equation is ap-
proximated by a quadratic by dividing through by sin2 0, to obtain

sin4 6 + b sin2 6 + (c + d/sin2 0W or 5) - 0 (4)

Then using the Mach angle

(I = sin-^l/M) (5)

errvv<M)

errs(M)
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Fig. 4 Error incurred using present approximation for 8 = 15 deg.
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ERR
Fig. 5 Relative percent error isolines of the present approximation
for the weak shock angle.

set

and

9 = 9W - 8 + |ii (6)

sin2 9 = sin2 0, « 1 - [y- (1/4 - y/M4) (y + I)2] sin2 8 (7)

for weak and strong shock angles, respectively in the sin2 6 term,
which divides the coefficient d. Then solve Eq. (4) to get

sin2 0 - (1/2) [-b ± [b2 - 4(c-d/sm2 0W or,) ]1/2]

The ± signs have the same meaning as previously.

(8)

Results
A comparison of Eq. (8) with the exact solution is also shown in

Fig. 1 for several approach Mach numbers. As shown in Fig. 2, for
M = 2 the error is less than 2% and is largest near the maximum
deflection angle 8max. A comparison of the present and exact solu-
tions is shown in Fig. 3 as a function of Mach number for both
weak and strong shocks and for 8 = 15 deg. As shown in Fig. 4, the
error decreases rapidly at high Mach numbers. Whereas, as shown
in Fig. 3 of Ref. 1, the error incurred using their approximations in-
creases as the Mach number or wedge angle increases. The relative
percent error isolines of the present approximation are shown in
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Fig. 5 for the weak shock solution. The relative error of the strong
shock approximation are even smaller.

Conclusion
Approximate relations for both weak and strong oblique shock

angles have been shown to be accurate for moderate to high super-
sonic Mach numbers and for wedge angles that are less than the
maximum wedge angle.
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Adaptive Computations of Flow Around
a Delta Wing with Vortex Breakdown
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I. Introduction

THE next generation of fighter aircraft is being designed to fly
at very high angle of attack, at which vortex breakdown oc-

curs.1 The two typical types of breakdown are the "bubble" form
and the "spiral" form, which are characterized by the geometry of
the flow downstream of the breakdown. This Note presents simu-
lations of vortex breakdown above a stationary delta wing over a
range of angles of attack. Adaptive refinement is used to add mesh
nodes in the region of the vortex. Numerical simulations of vortex
breakdown over a stationary delta wing have been reported by var-
ious researchers. No calculations have been reported using adap-
tive mesh methods.

II. Solution Method
Full details can be found in Ref. 2. The governing equations are

the Euler equations for inviscid, compressible flow. The spatial
discretization is a node-based trilinear Galerkin finite element
method. Tetrahedral cell meshes are generated by the advancing
wave front method of Peraire et al.3 A mix of second- and fourth-
difference artificial dissipation is added to insure stability. The
fourth difference is constructed so that it vanishes when applied to
a linear function, using the method of Holmes and Connell.4 Tem-
poral integration is performed by the four-stage method of Jame-
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son et al.,5 based on the Runge-Kutta method. The artificial dissi-
pation is frozen after the second stage. Local time steps are used
for steady flow solutions, based on an energy stability analysis by
Giles.6

III. Adaptation Procedure
Adaptive mesh-point embedding is used to increase the mesh

resolution in the vicinity of interesting flow features. The adapta-
tion procedure is as follows. The adaptation parameter is calcu-
lated at the mesh nodes. The nodes are marked for adaptation
where the adaptation parameter exceeds a threshold. A mesh cell is
subdivided into 12, 4, or 2 smaller cells, depending on how many
of its corners are marked.

The entropy and the total pressure loss are attractive adaptation
parameters for vortex flows, since they vanish in the irrotational
limit. Both have been used successfully as adaptation parameters
for delta wing flows.7'8 In the present work the entropy was cho-
sen, with the adaptation threshold set so that 30% of the coarse
mesh nodes would be marked for refinement. This fraction was
chosen so that the entire vortex is included in the adapted region,
and it results in a quadrupling of the number of nodes and cells of
the mesh.

IV. Stationary Wing Solutions
Stationary wing solutions were obtained at eight values of angle

of attack, in the range of 0 to 42 deg. The angles of attack are con-
centrated in the high part of the range, in which vortex breakdown
occurs. The leading-edge sweep back angle A is 75 deg, so the as-
pect ratio is 1.07. The freestream Mach number M^ = 0.3 for all
cases. The geometry and Mach number were chosen to match
those used by Ekaterinaris and Schiff9 for their solutions.

The coarse mesh used for all cases has 15,462 nodes. The
adapted meshes vary from 77,630 to 83,286 nodes.

A. Analysis of Global Features of Solutions
Stationary wing normal force curves are presented in Fig. 1,

compared with Jarrah's wind tunnel-data.10 Where two symbols
are shown for the same angle of attack, the solution does not con-
verge, which for the cases involving vortex breakdown is due to
the inherent unsteadiness of the flow downstream of breakdown.
The normal force coefficient is adequately predicted using the
coarse mesh at low angles of attack, in which the vortex is intact
over the entire wing. However, the coarse mesh is insufficient to
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